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Sydney, AustraliaABSTRACT We examined the response of Naþ,Kþ-ATPase (NKA) to monensin, a Naþ ionophore, with and without ouabain,
an NKA inhibitor, in suspensions of human erythrocytes (red blood cells). A combination of 13C and 23Na NMR methods allowed
the recording of intra- and extracellular Naþ, and 13C-labeled glucose time courses. The net influx of Naþ and the consumption of
glucose were measured with and without NKA inhibited by ouabain. A Bayesian analysis was used to determine probability dis-
tributions of the parameter values of a minimalist mathematical model of the kinetics involved, and then used to infer the rates of
Naþ transported and glucose consumed. It was estimated that the numerical relationship between the number of Naþ ions trans-
ported by NKA per molecule of glucose consumed by a red blood cell was close to the ratio 6.0:1.0, agreeing with theoretical
prediction.INTRODUCTIONAdenosine triphosphate (ATP) is the metabolic-energy cur-
rency in most cell types, and is hydrolyzed continually to
maintain cellular function and shape. The turnover of ATP
is of considerable interest, as it largely quantifies the energy
demand of the cell. For human erythrocytes (red blood cells,
RBCs), P-type ATPase pumps such as Naþ,Kþ-ATPase
(NKA), and Ca2þ-ATPase are the major consumers
(~40%) of ATP (1–3). These transmembrane proteins cata-
lyze the transfer of ions across the membrane, which in
turn maintains an electrochemical gradient that drives the
otherwise energetically unfavorable secondary active trans-
port of L-amino acids via Naþ-symporters (4) and contrib-
utes to regulating cell volume.
NKAwas the first ion pump to be discovered (5) and has
been the subject of many in-depth studies of its kinetic
mechanism (3,6–11). The reaction steps of the enzyme are
generally agreed to occur via the Albers-Post scheme
(3,6–11) that involves cycling between two conformations
in which either Naþ or Kþ are selectively bound on one
side of the plasma membrane or the other. NKA transports
three Naþ ions out of the cell for every two Kþ carried in,
hydrolyzing one ATP molecule in each turn of the reaction
cycle (6,9,12). Although this stoichiometry is the most
commonly reported, there are a number of less active ex-
change pathways, such as adenosine diphosphate (ADP)-
induced Naþ-Naþ and Kþ-Kþ exchange (7,13), and there
is some evidence that these pathways use little or no ATP
(13,14). In these modes, only a single net ion is transported
per ATP molecule (e.g., Naþ:Naþ transport entails threeSubmitted January 13, 2013, and accepted for publication March 7, 2013.
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0006-3495/13/04/1676/9 $2.00Naþ ions transported out and two Naþ ions transported
in), and are therefore less efficient with respect to ATP
consumed per ion transported.
The steady-state concentration of ATP in RBCs is depen-
dent on its production via glycolysis and its hydrolysis via
ATPases (15–17), as well as its consumption in various
phosphotransfer reactions, and syntheses including that of
glutathione (18). Through glycolysis, each glucose mole-
cule phosphorylates a net of two ADP molecules into two
ATP molecules (19,20). However, there is variable/adjust-
able (depending on metabolic conditions) breaking of this
2:1 stoichiometric relationship because some of the
glucose-carbon flux occurs via the pentose phosphate
pathway (PPP) that loses one carbon atom as CO2 for
each pass through the shunt, and via the Rapoport-Lueber-
ing shunt (RLS) that bypasses the ADP phosphorylating
step at phosphoglycerate kinase (EC 2.7.2.3) (21,22). It
has been shown in our own work (23) that under physiolog-
ical conditions the flux through the RLS (2,3-bisphospho-
glycerate turnover) is 19% of the main glycolytic flux, and
that 10% of the carbon flux (glucose 6-phosphate turnover)
is via the PPP. Schematically, this is shown in Fig. S1 (in the
Supporting Material), and ultimately leads to, on average, a
1.57:1.00 stoichiometric ratio of ATPs phosphorylated per
glucose molecule under physiological conditions. Thus,
assuming NKA is entirely transported via Naþ: Kþ ex-
change, the theoretical stoichiometry of Naþ transported
to glucose consumed is expected under normal physiolog-
ical conditions to be 4.72:1.00.
In summary, there are three possible influences on the
stoichiometry:
1. Glucose-carbon flux via the PPP;http://dx.doi.org/10.1016/j.bpj.2013.03.019
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FIGURE 1 Schematic diagram of the key pathways examined in the
RBCs. The cell phosphorylates ADP to ATP using free energy from glucose
via glycolysis. Under normal conditions and like those used in this work,
some (~10%) of the carbon flux is via the pentose phosphate pathway
(PPP). Because in this pathway one carbon atom is lost as CO2 per glucose
molecule, less ADP is phosphorylated per carbon atom than if the glucose
flowed directly into the glycolytic pathway. The Naþ,Kþ-ATPase (NKA)
hydrolyzes an ATP molecule to transport three Naþ ions outside and two
Kþ ions inside against their concentration gradients, resulting in low Naþ
and high Kþ intracellular concentrations relative to the extracellular con-
centrations. NKA is continually active and it offsets leakage of ions, which
occur across the membrane, driven by the concentration gradients. In our
experiment monensin, a Naþ ionophore was added to suspensions of
RBCs. This caused extracellular Naþ to be carried inside at a greater rate
than normal, thus perturbing the steady-state concentrations of Naþ and
Kþ. We recorded the amounts of Naþ in each compartment, and the total
amount of glucose, using NMR spectroscopy after the addition of monen-
sin, with and without ouabain, as the specific inhibitor of NKA.
TmDOTP5, a chemical shift reagent, was added to the RBC suspensions
to resolve intra- and extracellular 23Naþ in the 23Na NMR spectra (Fig. 2
A). To monitor the glucose concentration using 13C NMR, the cells were
suspended in a medium that contained [1-13C] D-glucose.
Naþ-Glucose Stoichiometry 16772. The potential for increased flux via the RLS; and
3. Alternative activity of the NKA that entails Naþ: Naþ
and Kþ: Kþ exchange, which is less energy-efficient
(net transport of one ion per ATP hydrolyzed; however,
to date, direct measurement of this stoichiometric ratio
has not been reported.)
Further to this, despite our contemporary detailed under-
standing of the kinetics of human RBC glycolysis, the PPP
(and many enzyme-catalyzed reactions that are not directly
linked to glucose metabolism), and membrane transport pro-
cesses, ~50% of the ATP turnover in the human RBC is still
unaccounted for (22). To commence a detailed experimental
book-keeping of ATP turnover in the human RBC, and delve
further into the energy dependence and efficiency of NKA,
we set out to measure the rate of Naþ influx mediated by the
Naþ-ionophore, monensin (24); and to ascertain how this is
affected by inhibiting NKA with its specific inhibitor,
ouabain (3,8).
The amounts of intra- and extracellular Naþ were
quantified through the use of the 23Naþ shift-reagent
TmDOTP5 (thulium 1,4,7,10-tetraazacyclododecane-1,4,
7,10-tetrakis(methylenephosphonate)) that generates sepa-
rate intra- and extracellular Naþ resonances in a 23Na
NMR spectrum from a suspension of RBCs (25–28). The
consumption of glucose was followed using [1-13C]
D-glucose and 13C NMR. The experimental setup is summa-
rized by the scheme in Fig. 1.
Using models of Naþ influx and efflux, and glycolysis,
the rates of Naþ transport and glycolysis were estimated
for both experimental conditions, i.e., RBCs with monensin
in the presence, and in the absence, of ouabain. The addition
of monensin resulted in net Naþ influx, with the difference
between the rates in the presence and absence of ouabain be-
ing equal to NKA activity. Similarly, the inhibition of NKA
results in less ATP being consumed, and consequently less
glucose consumed. The difference in glycolytic rate in the
presence and absence of ouabain represented glucose that
was indirectly consumed by NKA, and thus allowed the
stoichiometry to be estimated.
The estimation of model-parameter values, Naþ fluxes,
glycolytic rates, stoichiometric ratios, and their uncer-
tainties were achieved using a Bayesian analysis. Bayesian
reasoning leads to quantifying the likelihood of multiple
given hypotheses (29–32), including subhypotheses such
as parameter values in a mathematical model (30,31). The
operational advantages of a Bayesian analysis, as opposed
to traditional statistics, are in its applicability to various
types of multiparameter problems and its ability to combine
evidence from multiple sources. In the case of parameter
estimation (30,31), a probability distribution of a parame-
ter’s value can be calculated from the data, and then proper-
ties of this distribution can be reported (e.g., mean, median,
maximum probability value, standard deviation (SD), and
confidence intervals).In this work, time courses of Naþ and glucose were
modeled using the solution of a set of differential equations,
with parameter values that were either rate constants or
initial amounts of a given substance. Our Bayesian analysis
yielded probability distributions of the parameter values,
then using the corresponding distributions, we estimated
the fluxes of Naþ and glucose and thence the apparent stoi-
chiometric ratio. We found that the probability distribution
of the stoichiometric ratio varied as each time course pro-
ceeded; and the stoichiometric ratio of maximum probabil-
ity varied from between 1.0:5.0 and 1.0:6.0.MATERIALS AND METHODS
Solutions and cell preparation
Isotonic thulium saline solution was prepared from 5 mM TmDOTP5
(Macrocyclics, Dallas, TX), with 5 mM thuliumIII chloride (Sigma-Aldrich,
St. Louis,MO), 12mM[1-13C] D-glucose (Aldrich,Milwaukee,WI), 20mM
HEPES (4-(2-hydroxyethyl)-1-piperazineethanesulfonic acid) (ICN Bio-
medicals, Aurora, OH), 70% v/v D2O, and overall ionic concentrations of
5 mM Kþ, 154 mM Naþ, and 159 mM Cl. The solution was adjusted to
pH 7.4 and the osmolality was measured to be 298 mOsmol kg1 using a va-
por pressure osmometer (Wescor, South Logan, UT).
Human blood samples (~30–50 mL) were obtained from healthy
donors by venipuncture, transferred to centrifuge tubes containingBiophysical Journal 104(8) 1676–1684
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FIGURE 2 23Na (105.84 MHz) and 13C (100.61 MHz) NMR spectra of a
suspension of RBCs (Ht ¼ 0.70) containing 5 mM TmDOTP5, 20 mM
HEPES, 5 mM Kþ, 70% D O v/v, ~160 mM Naþ, and ~8 mM [1-13C]
1678 Puckeridge et al.heparin (60 mL, 1000 units mL1), and promptly centrifuged at 4C
for 10 min at 3000g. The plasma and buffy coat were removed by
aspiration and the RBCs were washed twice by centrifugation with
buffered saline (154 mM NaCl, 5 mM KCl, 20 mM HEPES, and pH 7.4)
and then once more with thulium saline solution. The RBC suspensions
were bubbled with carbon monoxide for 10 min to convert the hemoglobin
to the stable form of diamagnetic carbon monoxyhemoglobin. The
suspension was then adjusted to a hematocrit (Ht) of 0.70 and 3 mL was
added to a 10-mm (outer diameter) round-bottom glass NMR tube (Wilmad,
Buena, NJ).
Due to the number of samples and duration of experiments, the experi-
ments were done in batches over 2 days. Blood was collected and rinsed
at the beginning of each day, which led to some variance in initial solute
and ion concentrations. To estimate this variation, samples of supernatant
from the RBC suspensions were collected before adjusting the Ht to 0.7
and tested using a model No. 912 Chemistry Analyzer (Boehringer-Man-
nheim-Hitachi, Indianapolis, IN) to determine the total (labeled and unla-
beled) concentration of glucose. From the same supernatant sample, the
concentrations of Naþ and Kþ were determined using a model No. IL-
943 Flame Photometer (Instrumentation Laboratory, Milan, Italy). Thus
for the first day’s preparation, the supernatant was found to contain 8.58
5 0.02 mM glucose, 161.9 5 0.5 mM Naþ, and 5.46 5 0.01 mM Kþ.
For the second day’s preparation, the supernatant contained 8.78 5
0.03 mM glucose, 163.4 5 0.5 mM Naþ, and 5.29 5 0.01 mM Kþ. 13C
and 23Na NMR spectra were acquired of each supernatant sample and
used to calibrate peak area to mmol of glucose and Naþ in each sample,
respectively.2
D-glucose, incubated at 37C. (A) 23Na NMR spectrum showing separate
intra- and extracellular Naþ resonances in the presence of TmDOTP5.
(Inset) Progressive 23Na NMR spectra after the addition of monensin at
t ¼ 0, with the central time of acquisition of each spectrum indicated on
the figure. (B) 13C NMR spectrum showing four resonances of [1-13C]
D-glucose (two for each anomer, a and b, of glucose; the splitting is due
to J-coupling to the attached H atom). (Inset) Spectrum zoomed in on the
glucose resonances. (Red solid line) Cumulative integral over its frequency
range. (Dashed red line) Designated baseline. There were no observable
resonances for [1-13C] L-lactate of 13CO2 in any of the
13C time-course
spectra.NMR spectroscopy
NMR spectra were recorded on an Avance III 400 MHz spectrometer
(Bruker, Karlsruhe, Germany) with a 9.4 T wide vertical-bore magnet
(Oxford Instruments, Oxford, UK). A 10-mm broadband probe was used
with the outer coil tuned to the resonance frequency of 1H, and the
inner coil tuned to 13C, 23Na, or 31P, as required. Broadband 1H
decoupling was not used as this additionally heats the sample. The probe
temperature was set to 37C for all experiments. Time courses were initi-
ated by direct addition of monensin (final concentration 60 nM). Ouabain
(final concentration 1 mM) was added 15 min before the beginning of the
time course, and incubated at 37C. The concentration of monensin was
chosen such that the Naþ influx would occur over a period of several
hours. At concentrations of 1 mM ouabain, NKAwas completely inhibited
(33,34).
13C NMR spectra were acquired at 100.61 MHz every 9.5 min over a 2 h
period, whereas 23Na NMR spectra were acquired at 105.84 MHz every
136 s over a period of 72 min.
31P NMR spectra were acquired once at the beginning and then at the end
of the 13C time course for each condition (i.e., with or without ouabain) at
161.98 MHz, over a period of 20 min.RESULTS
Typical 13C and 23Na NMR spectra from the RBC samples
are shown in Fig. 2. The chemical shift separation between
the intra- and extracellular 23Naþ resonances (Fig. 2 A) was
achieved with the paramagnetic macrocyclic complex,
TmDOTP5, which was partitioned in the extracellular
solution. Fig. 2 B shows an example of a 13C NMR spectrum
of an RBC sample: it has four resonances corresponding to
[1-13C] D-glucose, two for each of the a- and b-anomers of
the molecule, as labeled on the figure. The combined peak
areas of all four peaks were used to quantify the amountBiophysical Journal 104(8) 1676–1684of labeled glucose present. The resonances of [1-13C]
L-lactate and 13CO2 were not resolved in any of the
13C
NMR spectra by 120 min.
Figs. 3 and 4 show the time dependencies of Naþ and
glucose concentrations after the addition of monensin,
with and without ouabain. Evidently, Naþ influx increased
and glucose consumption decreased when NKA was in-
hibited by ouabain. However, as Fig. S2 shows, there was
no apparent change in the amount of ATP over 2 h, regard-
less of the presence or absence of ouabain. This is a conse-
quence of ATP being regulated via glycolysis and the PPP,
such that demand and production are matched equally.
Thus, despite the reduction of ATP consumption, ATP levels
do not rise, but rather glucose consumption drops accord-
ingly, as shown in Fig. 4.
The stoichiometry of Naþ transported to glucose con-
sumed by NKA is given by the difference in the rate of
Naþ influx divided by the difference in the rate of glucose
consumption when ouabain is present and when it is absent.
If ATP amounts did change, this would not necessarily be
the case.
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FIGURE 3 Triplicate time courses of the mole amounts of Naþ outside
and inside human RBCs in suspensions, based on the 23Na NMR spectra
acquired after the addition of monensin (final concentration 60 nM,
t ¼ 0 min) either without (A) or with (B) the addition of ouabain (final con-
centration 1 mM, t ¼ 15 min), incubated at 37C. Mole amounts (mmol)
were estimated on the basis of the peak areas of the relevant NMR reso-
nances for Naþ (as shown in Fig. 2 A), and calibrated against a standard
(see Materials and Methods). (Solid lines) Model output (Eq. 1) using the
maximum-probability parameter values given in Table 1.
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FIGURE 4 Triplicate time courses of the mole amounts of glucose in
suspensions of human RBCs based on the 13C NMR spectra acquired after
the addition of monensin (final concentration 60 nM, t ¼ 0 min) either
without (A) or with (B) the addition of ouabain (final concentration
1 mM, t ¼ 15 min), incubated at 37C. Molecular amounts (mmol)
were estimated on the basis of the peak areas of the relevant NMR reso-
nances for glucose (as shown in Fig. 2 B), and calibrated against a standard
(see Materials and Methods). (Solid lines) Model output (Eq. 1) using the
maximum-probability parameter values given in Table 2. (Insets) Progres-
sive 13C NMR spectra after the addition of monensin with and without
ouabain as contained in their respective figures, with the central time of
acquisition of each spectrum indicated on the figure.
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Model overview
The mathematical model used to represent the experimental
system (Figs. 3 and 4) was most conveniently described by
time-dependent variations in mole amounts rather than con-
centrations, because NMR intensity is proportional to the
number of nuclei in the sensitive volume of the sample.
Furthermore, due to the influx of Naþ and the ensuing
changes to osmolarity, the cell volume could not be assumed
to remain constant. Therefore, unlike many other NMR
studies, signal intensity was not strictly proportional to con-
centration in a given compartment over the duration of data
acquisition.
The mathematical models used to predict Naþ and
glucose NMR time courses can be described in terms of dif-
ferential equations. For Naþ, we considered the intra- and
extracellular water to be in the two compartments between
which Naþ exchanges, according to the amount of Naþ in
each and a unitary rate constant. The simplest model is
d
dt

neðtÞ
niðtÞ

¼
knf þknr
þknf knr

neðtÞ
niðtÞ

; (1)
where ni(t) and ne(t) are the molar amounts of intra- and
þextracellular Na in the sample, respectively, and knf and
knr are the forward and reverse rate constants (where‘‘forward’’ refers to influx), respectively, and t is the time
after the addition of monensin. To solve the differential
equations, initial conditions, in the form of initial amounts
of intra- and extracellular Naþ are required, i.e., ni0 and
ne0. The mathematical solutions (see Eqs. S1–S8 in the Sup-
porting Material) for ne(t) and ni(t) are straightforward to
obtain, given the linearity of the differential equations (35).
Glucose was assumed to reside within a single com-
partment. This is justified by its very rapid facilitated trans-
membrane exchange via GLUT1 (36), resulting in its
concentration being equalized across the membrane on
less than a 10-s timescale (37). We modeled the conversion
of glucose into lactate via glycolysis, the PPP, and the RLS,
using a single-step irreversible reaction that proceeds at a
constant rate and that depends only on the energy demands
in the RBC. This is a realistic model as hexokinase (EC
2.7.1.1) is the main site of flux-regulation in the human
RBC. Hence the overall glycolytic flux in response to
glucose concentration is well described by a Michaelis-
Menten expression with an apparent Km of 24 mM (23),
and when the glucose concentration exceeds this value by
more than fivefold the metabolic flux is virtually at the
maximal velocity. In other words, it is independent of the
glucose concentration. As ADP concentration is notBiophysical Journal 104(8) 1676–1684
TABLE 1 Parameter value estimates of the model of NaD
membrane exchange (Eq. 1) based on their Bayesian
probability distributions
Parameter Monensin Monensin þ ouabain
ne0
(1) 135.85 0.3 mmol 133.75 0.2 mmol
ne0
(2) 134.45 0.3 mmol 131.65 0.2 mmol
ne0
(3) 141.55 0.3 mmol 139.35 0.3 mmol
ni0
(1) 12.65 0.3 mmol 15.25 0.2 mmol
ni0
(2) 13.55 0.3 mmol 18.75 0.2 mmol
ni0
(3) 9.15 0.3 mmol 12.25 0.2 mmol
knf 0.465 0.01 h
1 0.505 0.01 h1
1680 Puckeridge et al.explicitly represented in this model we specified that
glucose flux has different prescribed values of kg; this ac-
counts for the different glucose consumption rates in the
presence or absence of ouabain. In other words, we modeled
the glucose-amount time courses using
gðtÞ ¼ g0  kgt; (2)
where t is time, and g0 is the initial amount of glucose in the
sample.knr 0.265 0.02 h
1 0.085 0.01 h1
sNa 0.805 0.04 mmol 0.695 0.04 mmol
The parameter values shown were those that gave the maximum posterior
probability 5 SD as calculated by effective marginalization (31,38) of
the other parameter values (Eq. 8). The superscript numbers 1, 2, and 3 refer
to the particular three experimental data sets.
TABLE 2 Estimates of parameter values for the model ofOverview of data analysis
The computational challenge was to estimate the eight
parameter values (ne0, ni0, knf, knr, g0, kg, and the spectral-
noise variances sNa and sC) in the mathematical model
that was used to describe the data in Figs. 3 and 4. For
this we did not apply the frequently used nonlinear regres-
sion analysis, but the more advanced and statistically infor-
mative Bayesian analysis.
A brief overview of how we applied this analysis is given
here whereas the mathematical details are given in the
Appendices. The data analysis was carried out using a pro-
gram written in Mathematica (Wolfram Research, Cham-
paign, IL) and it is placed in the Supporting Material.
Bayes theorem (29–32) states that the probability of a
hypothesis (or parameter values in a model of a real system)
being true must be weighted by prior information/knowl-
edge, plus that of the new information provided by experi-
mental data. The prior knowledge in this case was that the
rate constants and the initial concentrations of reactants
were positive and nonzero. In addition, an impression of
the relative magnitudes of the values exists, e.g., initial
mole amounts (g0, ne0, and ni0) lie in the range 10–150
mmol; rate constants (knf, knr, and kg) lie in the range
0–3 h1; and variances in estimates of amounts of Naþ
and glucose based on noise in 23Na and 13C NMR spectra
(sNa and sC) are<10% of the estimate ~0–3 mmol. The vec-
tor that describes the list of parameters is
q ¼ ne0; ni0; knf ; knr; g0; kg; sNa; sC
and it was used in the theory given in the Appendices.glucose consumption (Eq. 2) based on their Bayesian
probability distributions
Parameter Monensin Monensin þ ouabain
g0
(1) 19.45 0.2 mmol 17.95 0.2 mmol
g0
(2) 18.35 0.2 mmol 15.55 0.2 mmol
g0
(3) 17.15 0.2 mmol 15.95 0.2 mmolTables 1 and 2 contain the results of the data analysis
including estimates of the SDs of the most likely parameter
values. The latter values are central to the subsequent calcu-
lation of the stoichiometric ratio Naþ-transported:glucose
consumed, and an expression of confidence that can be
placed in the estimates.kg 1.705 0.06 mmol
(L RBC)1 h1
1.095 0.07 mmol
(L RBC)1 h1
sC 0.435 0.05 mmol 0.475 0.06 mmol
The parameter values shown were those that gave the maximum posterior
probability 5 SD as calculated by effective marginalization (31,38) of
the other parameter values (Eq. 8). The superscript numbers 1, 2, and 3 refer
to the particular three experimental data sets.DISCUSSION
Using our particular Bayesian analysis, it was possible to
assign probability distributions to the parameter values of
the mathematical model (Eqs. 1 and 2) that were used toBiophysical Journal 104(8) 1676–1684explain the experimental data (Figs. 3 and 4). From the
parameter-value distributions, those values that gave maxi-
mal probabilities and their SDs were estimated (see Tables
1 and 2). The best estimates of the values of the rate constant
(in terms of maximizing the posterior probability) differed
significantly for RBCs in the presence and absence of
ouabain. E.g., the reverse (forward being the direction of
influx) rate constant knr for Na
þ was reduced. However, the
forward rate constant knf was relatively unchanged. This
was predicted because when NKA is inhibited the efflux
rate is reduced but influx remains essentially unaltered.
The rate of glucose consumption, denoted by kg in Eq. 2,
was decreased in the presence of ouabain (Table 2).
Assuming a 1.57:1.00 stoichiometry of ATP generated to
glucose consumed, then these values indicate a turnover of
(38 5 1)  103 ATP molecules cell1 s1 in the absence
of ouabain and (25 5 2)  103 ATP molecules cell1 s1
in its presence (1 mmol (L RBC)1 h1 ¼ 14.4  103
molecules cell1 s1). This revealed that the ouabain-sensi-
tive ATP consumption was ~34% of the total ATP produced
in the glucose-metabolizing cell when only monensin was
present.
Our mathematical model, although simplistic, matched
the data closely when using the maximal probability
1
A
Naþ-Glucose Stoichiometry 1681parameter values (Figs. 3 and 4). A model with greater
complexity, and therefore more parameters may have
achieved an even closer fit. Conformity of the simulated
time courses with a much more complicated model
(15–17) was apparent, but using such a model for data anal-
ysis in this work would have meant the inclusion of
numerous hidden-parameter values. Furthermore, the
advantage of this model (in the particular experimental
context) is that it allowed the rate of Naþ influx and glucose
consumption to be described with relatively simple mathe-
matical expressions.
Using Eq. 9, it was possible to obtain probability distribu-
tions of the value of the fluxes of Naþ in the presence and
absence of ouabain (Fig. 5). Unlike model parameter values,
the values of the Naþ fluxes varied as a function of experi-
ment time. The net Naþ influx gradually decreased after the
addition of monensin and ouabain (Fig. 3). This trend is also
shown in Fig. 5 A, as the probability distribution of the value
of the net influx shifted, giving the maximum likelihood to a
lower flux value. The decline in net influx was likely to have
occurred as ion concentrations approached their new steady-
state value. The probability distribution of the rates of NKA
is shown in Fig. 5 B; the value was mostly constant over the
acquisition time, after a slight initial increase. It is possible
that this increase occurred in response to the influx of Naþ
due to the added monensin. The later decline in NKA activ-
ity may have been in response to the gradual decline in net
Naþ influx, shown in Fig. 5 A.0
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FIGURE 5 Probability distributions of the estimated (A) net Naþ influx
(with and without ouabain, as indicated by the key) and (B) NKA rate
(taken from the difference in panel A) using a Bayesian analysis of the
experimental time-course data (Figs. 3 and 4). (In each figure, the solid
line indicates the position of maximum probability of the distribution of
parameter values, whereas the shaded region denotes two SDs about this
value and contains ~95% of the probability density.) Assuming an RBC vol-
ume of 86 fL gives the relationship 1 mmol (L RBC)1 h1 ¼ 14.4  103
ions cell1 s1.Last, we calculated the probability distribution of the
effective stoichiometry, i.e., the difference in rate of Naþ
influx divided by the difference in rate of glucose consump-
tion. The analytical expression for this distribution was
found (Eq. 14), and then evaluated. As with the rates of
Naþ flux, the distribution of the value of the stoichiometry
shifted as a function of the experiment time (Fig. 6).
Initially, at t ¼ 0 min, the maximum probability ratio was
~5.1:1.0; however, as seen in Fig. 6 A the distribution was
broad and did not convincingly rule out the possibility of
lower or higher values. After 60 min, however, the position
of the ratio with maximum probability increased (Fig. 6 A)
to ~6.0:1.0 and was narrower. Fig. 6 B shows the confidence
intervals of the probability distributions of values over the
whole 120 min of experiment time. It was found that the
probability of the stoichiometry being >~4.0:1.0 was
>95% and >~5.0:1.0 was >50% for the whole experiment.
Thus it is very unlikely that glycolysis was less than
optimally coupled to NKA, as indicated by the maximum
probability value being 6.0:1.0 for the majority of the time
in the experiment. It is possible that some relative increase
of glycolysis activity to that of the PPP was occurring,
thus explaining the initial rise in stoichiometry. Alterna-
tively, this may be a consequence of the larger uncertaintyTime (min)
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FIGURE 6 Probability distributions of the effective stoichiometry ratio
between Naþ transported by NKA and the (indirect) glucose consumption
as described by Eq. 14. The values of a0(t), b0, s0(t), and sb were estimated
from the probability distributions of NKA activity (Fig. 5 B) and ouabain-
sensitive glycolytic rate (Table 2). (A) The change in the distribution of
values of the stoichiometry ratio with time for discrete time points, as indi-
cated by the key, is shown. (B) Distribution of the values of the stoichiom-
etry ratio over the full duration of experiment is shown (solid red line
indicates position of maximum probability); contours indicate 50, 70, 95,
and 99% confidence intervals (integrals from the contours position to r ¼
6 contains this much probability density) as indicated on the figure. (The
darker the shade between the contours, the greater is the probability.)
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course (due to fewer data points to extrapolate about);
indeed, they appear to be the only times at which the stoichi-
ometry was not at ~6.0:1.0.CONCLUSIONS
Bayesian analysis allowed the estimation of the range of
model parameter values that were compatible with the
experimental data (Tables 1 and 2). Importantly, it delivered
the probability distributions of other parameter values that
were derived from the primary set of parameters. We
showed this for the estimates of absolute values of Naþ
influx and efflux, their differences (NKA activity), and the
main target parameter as the stoichiometry of the ouabain-
sensitive Naþ influx with respect to the rate of ouabain-
sensitive glucose metabolism (Figs. 5 and 6).
The stoichiometry lay between 5.0 and 6.0:1.0 with a
probability of 95%; this was close to the initial prediction
(based on previous less-direct studies) of 4.72:1.00. Our
finding indicates that the coupling of glycolysis to NKA
activity is tight and close to optimal, and the interactions
between NKA and glycolysis are not the basis of futile
cycling of ATP in the human RBC. Tantalizingly, the sink
for ~50% of the ATP generated in RBCs remains
undiscovered.APPENDIX I: BAYESIAN PROBABILITY
Bayes theorem (29–32) posits that the probability of a hypothesis being
true must be weighted by prior knowledge of the system plus that of
the new information (the experimental data). As noted in the main
text, prior information on each of the elements in the model-parameter
vector
q ¼ ne0; ni0; knf ; knr; g0; kg; sNa; sC
was known. Quite commonly this information is described by a uniform
distribution, i.e., prob(qjI)¼ constant for the parameter values in q and their
priors I within the specified ranges and zero outside them.
The likelihood distribution, representing the experimental data, D,
embedded with Gaussian noise, s, is described in Refs. 29–32 as
probðDjq; IÞ ¼ 2ps2N=2 expSðqÞð2s2Þ

; (3)
where
SðqÞ ¼
XN
i¼ 1
½mðq; xiÞ  yi2 (4)
is the sum of squares and is purely determined by the model parameters, q;
the mathematical model that describes the output,m(q,xi); and the data, di¼
{xi, yi}, consisting of N data points.
The posterior distribution, i.e., p(q) ¼ prob(qjD,I), is the product of
the prior uniform distribution [prob(qjD,I)], the likelihood distribution
[prob(D jq,I)], and a normalization constant (29–32). In a BayesianBiophysical Journal 104(8) 1676–1684analysis, it is often more convenient to deal with the log-probability
(30,31), thus:
LðqÞ ¼ loge½pðqÞ ¼ constant

N
2

loge

2ps2
 SðqÞð2s2Þ:
(5)
Note that the derivatives of L with respect to q are independent of the
value of this constant (log of the product of the prior and normalization
constants), and therefore it has no influence in determining the position
of local maxima or the moments of the distribution. Therefore, it can be
ignored when estimating parameter values. However, this constant is an
important factor when comparing multiple mathematical models that are
used to describe the same data (30,31,38), but this was deemed to be irrel-
evant to this study.
Many algorithms exist that can maximize a function by changing
the values of model parameters. In such a way, it was possible to
locate q0, the parameter values that gave the maximum probabilities of
p(q) and L(q). Furthermore, it has been shown that when p(q) closely
resembles a multivariate Gaussian distribution it can be approximated by
(30,31,38)
pðqÞf exp
"
ðq q0ÞTVVLðq0Þðq q0Þ
2
#
; (6)
where VVL(q0) is the Hessian matrix of L evaluated at q0, i.e., a symmetric
MM matrix of second derivatives, whose ijth element is v2L/(vqivqj).
Using this approximation, the covariance matrix—which characterizes
the orientation and shape of a multivariate Gaussian distribution—is related
to the Hessian matrix of L (30,31,38):
Lij ¼
ðqi  q0iÞqj  q0j	 ¼ ½VVLðq0Þ1ij : (7)
The diagonal terms of the covariance matrix,Lii, are the expected variances
for qi after marginalizing the other parameters qj for which js i. Thus, the
marginal probability distribution for each parameter value follows
probðqijD; IÞ ¼ ð2pLiiÞ1=2 exp
"
ðqi  q0iÞ2
ð2LiiÞ
#
: (8)
In the figures presented here (Figs. 4 and 5), we show the range of

q0i  2L1=2ii ; q0i þ 2L1=2ii

;
of which ~95% of the probability distribution is contained (again, assuming
the distribution to be Gaussian). In Tables 1 and 2 we present the parameter
estimates in the form q0i5L
1=2
ii .APPENDIX II: ESTIMATION OF RATES AND
STOICHIOMETRY USING THE PROBABILITY
DISTRIBUTION OF PARAMETER VALUES
Once the posterior probability distribution was evaluated, the parameter
values that gave the maxima and the covariance matrix were readily deter-
mined (Tables 1 and 2). It was then possible to obtain a probability distri-
bution of the rates of net Naþ influx, and unidirectional (tracer) influx and
efflux.
In general, if we sought the probability distribution of j, a quantity or
parameter not included in the model, and if we knew its mathematical
Naþ-Glucose Stoichiometry 1683function of the original model parameters, f(q), then the distribution of j
would follow (29–31)
probðjÞ ¼
X
q
probðjjqÞ  probðqÞ: (9)
The sum in Eq. 9 for this situation should be replaced by an integral,
as q and j are continuous variables. Furthermore, the prob(jjq) term is
unity if f(q)¼ j and zero otherwise, thus it can be replaced by a Dirac delta
function, d,
probðjÞ ¼
Z
q
d½j f ðqÞprobðqÞdq: (10)
In practice, this integral may be difficult to evaluate depending on the
complexity of f(q). A brute force method of numerically integrating acrossall parameter values can be used; however, it may take considerable compu-
tational time, especially when there are a large number of model parameters.
The approach we used was to transform one of the original model pa-
rameters into j. E.g., in the case of Naþ efflux, the transformation
i0/j exp

knr þ knf

t

knr
was applied to L(q) (see the Supporting Material for more details). Thus, as
j was a function of t, the probability distribution of its value changed withtime. The new probability distribution was thus solved for each step in time,
and had the same local maximum with all q0 values and the same probabil-
ity value, p, before the transformation, except for the replaced parameter
which had the value j0 ¼ f(q0). In general, depending on the mathematical
transformation, the distribution of j may be skewed about the maximum.
In the case of the Naþ influx, efflux, and net influx, their distribution of
values were close to Gaussian. Thus, the corresponding Hessian matrices
were evaluated, and Eq. 8 was then used to estimate the marginal distribu-
tions of their values (see Fig. S2 and Fig. 5 A) as functions of time. Then,
using Eq. 9 again, the distributions of the difference in rate between the two
time courses (i.e., with and without ouabain) were estimated (Fig. 5 B).
Last, we estimated the effective stoichiometry between net Naþ flux and
glucose consumption rate; this had a skewed probability distribution and
therefore a different approach had to be used when integrating Eq. 9.
Assuming the rate differences of glucose consumption and Naþ influx
had Gaussian probability distributions, and the function of the stoichiom-
etry is r ¼ a/b, then
probðrjtÞ ¼
ZZ
d
h
r  a
b
i
probðajtÞprobðbÞda db (11)
ZZ h i  2 2!
f d r  a
b
exp
½a a0ðtÞ
2saðtÞ2
  ½b b0½2s2b da db (12)
Z  ½rb a ðtÞ2 ½b b 2!f exp
0
2saðtÞ2
  0½2s2b db (13)
  1=2  ½rb  a ðtÞ2 !¼ 2p saðtÞ2 þ r2s2b exp 0 0
2saðtÞ2 þ 2r2s2b
 ; (14)
where a is the ouabain-sensitive Naþ influx, which changed with time and
thus its probability distribution, prob(ajt), did as well (Fig. 5 B); b is the dif-
ference in glycolytic rate, which is considered constant with time in ourmodel; a0(t) and b0 are their respective maximal probability values; and
sa(t) and sa are their respective SDs. The probability distribution of r
is asymmetric because of the [sa(t)
2 þ r2sb2] term in the exponential of
Eq. 14. This distribution was multiplied by a uniform prior for the stoichi-
ometry ratio, such that ratios less than 1 or greater than 6 gave a probability
of zero. Then, the distribution was normalized by dividing it by its integral
over the range r ˛ [1,6], whereas the resulting distribution was plotted in
Fig. 6. Details of theMathematica program that achieve these computations
are given in the Supporting Material.SUPPORTING MATERIAL
Eight equations and three figures are available at http://www.biophysj.org/
biophysj/supplemental/S0006-3495(13)00327-5.
All computer codewas written inMathematica, and a copy of these files can
be obtained from either M.P. or P.W.K.
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